Abstract. We de ne an in nite array A of nonnegative integers based on a linear recurrence, whose second row provides basis elements of an exotic ternary numeration system. Using the numeration system we explore many properties of A.
Introduction
Consider a doubly in nite array (matrix) A = fA n j : 0 j; n 1g of nonnegative integers whose rst few entries are displayed in Table 1 . To de ne its formation rule, we introduce a little notation. 
A n 1 = 2A n 0 + n (n 0); A n j = 3A n j?1 ? A n j?2 (j 2; n 0):
It can be seen, by induction on n, that the set on the right hand side of (1) is indeed a proper subset of Z 0 .
We further introduce a special ternary numeration system U. Its basis elements are de ned by u 0 = 1, u 1 = 3, u i = 3u i?1 ? u i?2 (i 2). Theorem I. Every positive integer n has a unique representation over U, in the form n = P i 0 d i u i , where the digits d i assume values in f0; 1; 2g, subject to the following special condition: if for some 0 j < l; d j = d l = 2, then there exists k satisfying j < k < l (so actually l ? j 2), such that d k = 0.
Theorem I is a special case of Theorem 4, stated and proved in Fra1985, x4 ]. The representation of the rst few positive integers over U is given in Table 2 . We write the representation of n both in terms of its basis elements, n = Table 2 shows, for example, that 41 = 1211; and 42 = 2000 rather than 1212, because of the special condition. Similarly, 55 = 10000, not 2112. 1 1 Some of my best friends are nonsemitic, among them referees and readers of my articles. A number of them have commented to me that in a table such as Table 2 , the basis elements 1; 3; 8; 21; 55 should be written from left to right rather than from right to left. I disagree. The \ternary" number n = dm : : : d 0 , now easily readable from the table, would be reversed! There is a discrepancy in nonsemitic languages, often ignored, between text, including mathematical , played on a semi-in nite strip with a nite number of pebbles, say coins, at most one per square. The squares are numbered with the nonnegative integers 0; 1; 2; : : : from the left end of the strip, as in Fig. 1 . There is a hole at square 0: a coin landing on it falls through the hole, disappearing from the play. The empty strip is denoted by . A single coin on the strip is a spinster. A legal move is to shift a number of coins from their present squares to any unoccupied squares with a lower number (a left shift), avoiding a spinster: we never permit a spinster position. Every move of 2 coins involves a sequential shifting of coins: an arbitrary coin is rst shifted. Then a coin to its left is shifted, then a coin to its left, and so on. Every coin is shifted at most once in a single move. Also new coins can be created. Speci cally, the moves from a position with say k (k 2) coins on squares II Shift all of the tokens by say, 0 < n 0 n k?1 squares, either preserving k or resulting in . Moreover, n k?1 should not be too large; namely, (4) n k?1 2n k?2 + n k?3 + + n 0 :
The player rst unable to move loses, and the opponent wins. Notice that in every position there is at most one coin per square, and the only end position is . A spinster is never permitted. In a type II move, either all coins are removed, or none. The number of coins can decrease or increase during play; but the sum of the occupied square numbers decreases at each move. Therefore play ends, and no game position is repeated.
Examples. The proof leans heavily on properties of the special ternary numeration system U, which are also explored in x2. The system U is even more useful: the winning strategy for Frankenstein, based on subarrays of A, is ine cient (exponential). The system U enables one to decide whether there is or there isn't a di erent, e cient (polynomial) strategy. This is taken up in x4. Some further remarkable properties of A are listed in Theorem 2, also proved in x2. (ii) For all n 1; A n 0 = b(n ? 1) c + 1 is reduced.
(iii) For all n 0, all j 0 we have, A n+1 j ? A n j 2 ff 2j ; f 2j+1 g, and for xed j, each of f 2j ; f 2j+1 is assumed for in nitely many n. Moreover, for all n for which A n+1 0 ? A n 0 = f 0 (respectively f 1 ), we also have for all j, A n+1 j ? A n j = f 2j (respectively f 2j+1 ). (iv) Let j 1. There are no real numbers ; , such that for all n 1; A n j = bn + c. Properties of A are also presented in Lemmas 1 and 2 in x2. The formulation of a winning strategy for Frankenstein needs a few technical concepts, so is best postponed to x3, where the precise result is stated and proved. A sum up is presented in the nal x5.
2. Some Properties of the Array
We begin with a simple result.
Lemma 1. For all j; n 2 Z + ; A n j = 2A n j?1 + A n j?2 + + A n 0 + n.
Proof. Induction on j, for arbitrary but xed n. By the rst part of (2), the assertion holds for j = 1. Suppose it holds for some j 1. By the second part of (2),
A n j+1 = 2A n j + (A n j ? A n j?1 ) = 2A n j + A n j?1 + + A n 0 + n:
The following is the main lemma used for proving both Theorem 1 and Theorem 2. Remark. Theorem 2 can be used to give an independent proof of Theorem 1, because the former implies, using the uniqueness of representation (Theorem I), that all entries of A are distinct, A j+1 = L(A j ), and also every positive integer is assumed.
A Winning Strategy for Frankenstein
Informally, a position u in a game such as Frankenstein is called a P-position, if the Previous player can win, i.e., the player who moved to u. It is an N-position, if the Next player can win, i.e., the player moving from u. The position is a Pposition, since player I (the player called upon to move from the the given position), cannot even make a move, so the opponent, player II, wins by default. By F(u) we denote the set of all immediate followers of u, i.e., the set of all positions reachable from u by a single move . Note that F(u) = ; if u is a leaf , i.e., an end position.
Denote by P the set of all P-positions, and by N the set of all N-positions. The informal de nition of P-and N-positions implies,
u 2 P () F(u) N; u 2 N () F(u) \ P 6 = ;:
All of these things can be done formally. See Fra 2001]. For the sake of compactness of discussion, we will be talking about reducing integers, rather than shifting coins on squares numbered with those integers. In terms of this convention, we state the main result of this section. Proof. Let 
k=2 (A n 0 ; : : : ; A n k?1 ). As was pointed out in x1, the empty strip is a leaf, i.e., F( ) = ;, and so is a P-position by (7) . It turns out that in view of (7), it su ces to demonstrate the following two properties for all positions. So we may assume x j?1 < A n j?1 . We consider the following cases.
(i) j = k, so x j?1 = x k?1 . We have x k?1 = A n k?1 ? t for some t 1. We claim that X = (A n 0 ; : : : ; A n k?2 ; x k?1 ) ! (A n?t 0 ; : : : ; A n?t k?2 ; A n?t k?1 ) 2 W is a legal type II move for t < n; and X ! , for t n.
For t < n we have by (9) We have shown that W = P. 4 . Does Frankenstein have a Polynomial Strategy?
The statement of Theorem 3 enables one to decide whether any given position X of the form (3) of Frankenstein is a P-position or an N-position, and the proof clearly indicates a winning move from any N-position. These two things together constitute a winning strategy for the game.
Given any position X of the form (3) of Frankenstein. To decide whether X 2 P or X 2 N, we have to compute the entries of A only up to the rst encounter of x 0 . Thus it is readily seen that Theorem 2(ii) implies that A n j has to be computed only for n x 0 ( ? 1); and (5) Periodicity has been established for a number of octal games. Some of the periods and or preperiods may be very large; see GaPl1989]. Another way to establish polynomiality is to show that the Sprague-Grundy function values obey some other simple rule, such as forming an arithmetic sequence, as for Nim.
For the present class of pebbling games, polynomiality was established by a nonstandard method. An arithmetic procedure, based on a class of special numeration systems, was the key to polynomiality. In Fra1998] a game was proposed and analysed, and another numeration system was used there to establish polynomiality. For Wytho 's game Wyt1907], Cox1953], YaYa1967], the Zeckendorf numeration system Zec1972] can be used to establish polynomiality. But for Wytho 's game, this can be done also using the integer value function. From Theorem 2(iv) it follows that this cannot be done for Frankenstein. In Fra1998] it was also proved that the integer value function cannot be used to establish polynomiality for the game de ned there. But the question remains whether there or here, there is some polynomial algorithm not based on numeration systems.
Epilogue
We recap the main properties of the array A. There are no real numbers ; , such that for all n 1; A n j = bn + c. The numeration system U was used both for proving the most important of these properties, and for deciding the polynomiality question of the strategy of Frankenstein.
The reason our title contains the term \arrays", whereas we have presented only a single array, is that we allude to an in nite family of arrays, based on some linear recurrence of the form It seems that the array de ned here was not given before. Its antidiagonal hasn't appeared in Slo1998] until we sent it in there recently; and its columns A j and its rows A n do not seem to appear in it for j > 1 and n > 3. As we remarked just prior to the statement of Theorem 2, the rows of the present array are \even Fibonacci numbers". Several comments can be made about recurrences such as (2). We shall brie y relate to two items.
(I) The second recurrence of (2) can be considered to be the recurrence of the convergents of the quasiregular (or semiregular| halbregelm assig) continued fraction in BBDD1998]. Needless to say that each such recurrence also de nes an exotic numeration system. Perhaps these facts constitute a \combinatorial interpretation".
The game Frankenstein is super cially reminiscent of the game of Welter, analyzed in Con1976, Ch. 13]. The terminology \spinster" was introduced there. Welter is played on a semi-in nite strip with a nite number of coins, at most one per square, and the squares are numbered with the nonnegative integers 0; 1; 2; : : : from the left end of the strip. A move consists of selecting a single coin and shifting it to an unoccupied square with lower number. The player rst unable to move loses, and the opponent wins. The winning strategy is intricate. Moreover, it seems very di cult to generalize Welter. The game proposed here is not a generalization of Welter, but the moves are reminiscent of several moves of Welter taken simultaneously.
